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Qualitative properties of the solution set of di¤erential inclusions

In the frame of the present project the following activities took place: documentation and research,
preparation and writing scienti�c articles, published in ISI journals, participation at national/international
conferences. The proposed objectives were complitely realized. We mention that in 2014 there have been
published 13 papers (among them 11 in ISI journals). In following we give a presentation of the
main results obtained.

The following research objectives have been realized:
Task 1: To get new invariance results.
1.1. Invariance results for the nonlinear case in Banach spaces, under weaker hypotheses than the

Lipschitz condition on the multifunction.
In a Banach space X with uniformly convex dual, we studied the evolution inclusion x0(t) 2 Ax(t)+

F (x(t)), where A is an operator m-dissipative and F is an upper hemicontinuous multifunction with
nonempty convex and weakly compact values.

In the case when F is one-sided Perron (a weaker hypothesis than the Lipschitz condition) with
sublinear growth, we established su¢ cient conditions for the invariance of a set K � D(A). The classical
concept of invariance of a set means that all the solutions of the di¤erential inclusion considered, that
start in the given set, remain in that set.

Recently, in Cârj¼a, Postolache (2011), the invariance problem has been studied with respect to the
semilinear di¤erential inclusion. The authors established su¢ cient conditions for invariance, conditiond
expressed in terms of a new tangency concept, that involves integrable functions instead of vectors.

Our objective was to prove that the same tangency condition as in Cârj¼a, Postolache (2011) is
su¢ cient also for the invariance of a closed set with respect to the nonlinear di¤erential inclusion. In
the following we present the invariance result obtained.

The function f 2 L1loc(R+;X) is called A-tangent to the set K in � 2 K, if

lim inf
h#0

1

h
dist (x(h; 0; �; f);K) = 0;

where we denoted by x(h; 0; �; f) the value of the solution of the problem x0(t) 2 Ax(t) + f(t); x(0) = �;
calculated in h. We shall denote by FAK(�) the class of all functions A-tangent to K in � 2 K.

Theorem. If K � D(A) is a nonempty closed set such that for any � 2 K and for any function
f 2 L1loc(R+;X) with the property that f(t) 2 F (�); for a.a. t, f 2 FAK(�); then K is invariant with
respect to A+ F .

1.2. Development of the invariance theory for impulsive di¤erential inclusions in Banach spaces.
We started the study of the impulsive di¤erential inclusions for the �nite dimensional case. We

obtained approximation results for the solutions of the studied problems using Euler method and Runge�
Kutta method of higher order.

Moreover, we studied fuzzy di¤erential equations with delay, with the right hand side continuous.
We established existence and uniqueness rezults and results on the continuous dependence of the initial
states. Also, we considered the existence of global solutions and their stability.

Task 2: The study of the continuity properties for the solution map associated to
di¤erential inclusions.
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2.1. The continuity of the solution map under weaker hypotheses on the multifunction F .
i) Let X be a Banach space, A : D(A) � X ! X the generator of a compact C0-semigroup,

fS(t) : X ! X; t � 0g, which veri�es kS(t)k � e!t, for ! 2 R and any t � 0; and F : X  X a
nonempty convex, weakly compact valued multifunction. We considered the semilinear inclusion

y0(t) 2 Ay(t) + F (y(t)): (1)

There is an extensive literature regarding the solution map S for di¤erential inclusions, the starting
point being the results of Filippov (1964, 1967) and Plis (1965), for the case A = 0: There exists di¤erent
hypotheses on the multifunction F : Lipschitz, one-sided Lipschitz, one-sided Perron, of continuous type.

Within this project, the basic hypothesis on F is of continuous type with a prescribed continuity
modulus, as in Plis (1965). More precisely,

F (x1) � F (x2) +G (kx1 � x2k)B; (2)

with G + !I a Perron function, i.e. ac ontinuous function with G (0) = 0 such that the di¤erential
equation

z0 (t) = G (z (t)) + !z (t) (3)

has the null function as the unique solution with z (0) = 0:
In order to prove the lower semicontinuity of the multifunction S, �rst of all we obtained a Filippov-

Plis result, which gives approximation and stability properties of the solutions with respect to pertur-
bations of the initial states. To this aim, we used a viability theorem from Cârj¼a, Necula, Vrabie (2007,
2009), where it is used a tangency condition that implies functions instead of vectors. In particular,
the obtained results prove the power of the mentioned viability theorem, which, at �rst glance, seems
di¢ cult to apply.

In the second step, we applied a result from Hale (1969, p. 24) regarding the upper semicontinuity
of the solution set for a di¤erential equation in R:

More precisely, we established the following regularity result.
Theorem. Let X be a Banach space, A : D (A) � X ! X the in�nitezimal generator of a compact

C 0-semigroup, fS (t) : X ! X; t � 0g ; which satis�es for some ! 2 R; kS (t)k � e!t, for any t � 0;
and F : X  X is a multifunction with nonempty, weakly compact and convex values. We suppose
that there exists G : [0;1) ! [0;1), a continuous function, such that (2) holds, for any x1; x2 2 X:
Moreover, we suppose that the function H : [0;1)! [0;1), H (x) = G(x) + !x, is a Perron function.
Then, for any � > 0 and any " > 0; there exists � > 0 such that, for any x; x 2 X; with kx� xk < �,
and any solution y : [0; �) ! X; � < �; of the inclusion (1), with y (0) = x; there exists a solution
y : [0; �)! X with y (0) = x such that � < � and ky (t)� y (t)k < ", for any t 2 [0; �].

ii)We continued the study for the nonlinear case in a Banach space X with uniformly convex dual,
considering the evolution inclusion x0(t) 2 Ax(t) + F (x(t)), where A is an m-dissipative operator and F
is a upperhemicontinuous multifunction with nonempty, convex and weakly compact values.

In the case when F is one-sided Perron (a weaker hypothesis that the Lipschitz one) with sublin-
ear growth, we peoved the " � � lower semicontinuity of the solution map associated to the nonlinear
di¤erential inclusion considered.

We mention the paper of Tolstonogov, Umanski¼¬ (1992), where the authors, under compactness
assumptions on the operator, prove the "� � upper semicontinuity of the solution map.

In comparison with this result, we proved, without assuming the compactness of the operator, the
"� � lower semicontinuity of the solution map.

Theorem. Let � 2 D(A), T > 0 and � > 0. Then, there exists � > 0 such that, for any
� 2 D(A) with k� � �k � � and any solution x�(�) on [0; T ] of the considered problem with the imitial
state �, there exists a solution y�(�) on [0; T ] of the considered problem with the initial state � such that,
kx�(t)� y�(t)k � �; for any t 2 [0; T ].
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2.2. The continuity of the solution map for problems under state constraints.
i) First, we considered the di¤erential inclusion

y0 (t) 2 F (y (t)) ; (4)

where F : K  X is a nonempty valued multifunction andK is a nonempty subset of a �nite dimensional
space X: By solution of the di¤erential inclusion (4) we mean an absolutely continuous function y :
[0; T ]! K that satis�es (4) for a.a. t 2 [0; T ] : A solution of (4) on the interval [0; T ) is de�ned similarly.
For every x 2 K; we denoted by S (x) the set of all the solutions of the di¤erential inclusion (4) that
start from x and we established conditions for the multifunction S to be lower semicontinuous.

The properties of the multifunction S have been studied by many authors. The �rst contributions
in the �eld belong to A. Filippov (1964, 1967) and A. Plis (1965). The main hypothesis in Filippov�s
theorem is the Lipschitz continuity of the right hand side. There are many extensions of these results
(H. Frankowska 1990, Q.J. Zhu 1991, W. Kryszewski 2003, T. Donchev, E. Farkhi 2009 etc.) Within
this project we relaxed the hypotheses on the multifunction F and we proved the lower semicontinuity
of S.

In the following we present the lower semicontinuity result for S.
Theorem. Let X be a �nite dimensional space, K a locally closed subset of X; F : K  X a

continuous multifunction with convex and compact values. Suppose that there exists a Perron function
G : [0;1)! [0;1) such that

sup
p2F (x)

inf
q2F (y)

[x� y; p� q]+ � G (kx� yk) ; (5)

for any x; y 2 K: Moreover, suppose that, for any x 2 K;

F (x) � TK (x) : (6)

Them for any x0 2 K, for any y0 : [0; T ]! K solution of (4) with y0 (0) = x0 and for any " > 0 there
exists � > 0 such that for any x1 2 K with kx0 � x1k < �; there exists y1 : [0; T ] ! K solution of (4)
with y1 (0) = x1 such that ky1 (s)� y0 (s)k < "; for any s 2 [0; T ] :

We mention that by [x; y]+ we denoted the right directional derivative of the norm in x in direction
y and we denoted by TK (�) the Bouligand tangent cone to K in � 2 K:

If the set K is closed we get the continuity of the solution map with respect to Hausdor¤ distance.
Theorem. Let X be a �nite dimensional space, K a closed subset of X; F : K  X a continuous

multifunction, with convex, compact values. Suppose that there exists G : [0;1) ! [0;1) a Perron
function such that (5) holds, for any x; y 2 K: Moreover, suppose that, for any x 2 K; (6) holds.
The, for any " > 0; there exists � > 0 such that, for any x0; x1 2 K, with kx0 � x1k < � and for any
y0 : [0; T ] ! K solution of (4) with y0 (0) = x0 there exists a solution y1 : [0; T ] ! K of (4) with
y1 (0) = x1 such that ky1 (s)� y0 (s)k < "; for any s 2 [0; T ] :

ii) We also considered the nonautonomous version of the problem (4), i.e. the di¤erential inclusion

y0 (t) 2 F (t; y (t)) ; y(t) 2 K � Rn; t 2 [0; T ]: (7)

We obtained the continuity of the solution map with respect to Hausdor¤ distance, for this case
too, supposing that the multifunction F (with compact values) is one-sided Perron and almost lower
semicontinuous, the su¢ cient condition being expressed by the proximal normal cone of the closed set
K.

Also, for the almost upper semicontinuous case, supposing moreover that F has convex values, we
proved the continuity of the solution map.

2.3. Relaxation results for di¤erential inclusions.
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Besides the problem (7), we considered the relaxed version:

y0 (t) 2
\
">0

F (t; y (t) + "B) ; y(t) 2 K � Rn; t 2 [0; T ]: (8)

We showed that the solution set of the problem (7) is dense in the solution set of the problem
(8), supposing that the multifunction F (with compact values) is one-sided Perron and almost lower
semicontinuous, the su¢ cient condition being expressed by the proximal normal cone of the closed set
K.

Task 3: To get new results on controllability and in optimal time problem.
3.1. The regularity of the value function in connection with the optimality principle and the corre-

sponding Hamilton-Jacobi-Bellman equation for evolution systems.
i) Let F : K  X be a nonempty valued multifunction, K a subset of a �nite dimensional space X

that contains 0 and consider the di¤erential inclusion (4) : The optimal time function associated to the
di¤erential inclusion (4) ; T : K ! [0;+1]; is de�ned by

T (x) = finf T � 0;9y solution of (4) with y (t) 2 K 8t 2 [0; T ] ; y (0) = x; y (T ) = 0g:

If there is no solution from x that gets to the target thenT (x) = +1: We denote by R the set of points
x 2 K with the property that T (x) < +1: Consider the following hypothesis:

(H) For any " > 0 there exists � (") > 0 such that any point x 2 Xnf0g with kxk < � (") can be
transferred to the origin by solutions of (4) in time t � ": We prezent the rezult on the propagation of
the continuity of the optimal time function.

Theorem. Let X be a �nite dimensional space, K a closed subset of X with 0 2 K; F : X  X
a continuous multifunction, with convex, compact values. Suppose that there exists G : [0;1) ! [0;1)
a Perronfunction such that (5) holds for any x; y 2 K and, for any x 2 K; (6) holds. Suppose that
hypothesis (H) holds and 0 2 F (0) : Then the reachable set R is open in K and the optimal time function
T is locally uniformly continuous on R.

ii) We continued with the study of the Bellman equation for the minimal time problem associated
to a semilinear evolution system, from the contingent solutions point of view. To this aim we de�ned
new contingent derivative that involve functions instead of vectors as directions. The study is based on
invariance results for appropriate di¤erential inclusions.

Let X be a re�exiv Banach space, A : D(A) � X ! X the generator of a C0-semigroup compact,
fS(t) : X ! X; t � 0g, with kS(t)k � e!t, for some real ! and any t � 0; and F : X  X a multifunction
with nonempty, closed, convex and bounded values, such that 0 2 F (0). We considered the semilinear
di¤erential inclusion

y0(t) 2 Ay(t) + F (y(t)) (9)

and the associated optimal control problem, that consists in reaching the target f0g, starting from x, in
minimal time T (x), with the trajectories of the equation (9). We analysed the minimal time function
T (�) with respect to the Bellman optimality principle and the corresponding Hamilton-Jacobi-Bellman
equation

inf
u2F (x)

hDT (x); ui+ hDT (x); Axi+ 1 = 0; (10)

on R = dom(T ).
We denote by yx(�) a solution of (9) with y(0) = x. For any x 2 Xnf0g and any solution yx(�)

of the problem (9), denote by �(x; yx(�)) = minft � 0 : yx(t) = 0g 2 [0;1]: De�ne R as the set of all
points x 2 X n f0g such that �(x; yx(�)) < 1, for a solution yx(�). By the minimal time function we
understandT : R! [0;1); T (x) = inf

yx(�)
�(x; yx(�)):
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Assume the following: (H0) for any x 2 R, there exists a solution y of the problem (9) such that
y(0) = x and y(T (x)) = 0; (H1) the multifunction F is Lipschitz, i.e., there exists L > 0 such that
F (x) � F (y) + Lkx� ykB; 8x; y 2 X:

The obtained result proves that the continuity of T (�) around the target implies the uniform conti-
nuity on the whole reachable set.

Theorem. Suppose (H0), (H1) and (H). In case L+! > 0, R is open and T (�) is locally uniformly
continuous on R. In case L+ ! � 0, we have R = Xnf0g and T (�) is uniformly continuous on R.

Moreover, we proved that the Bellman principle together with an appropriate boundary condition
uniquely de�ne the minimal time function.

In order to properly de�ne a solution of the equation (10), we introduce the concept of inferior
derivative A-contingent:

DAV (x)(g) = lim inf
h#0
w!0

V (S(h)x+
R h
0 S(h� s)g(s)ds+ hw)� V (x)

h
; (11)

where the direction g is a function in L1loc(R+; X). We de�ne D
A
V (x)(g) = �DA(�V )(x)(g).

De�nition. A function T (�) is a contingent solution of the equation (10), if for any x 2 R we have

infg(�)2F (x)L1 D
AT (x)(g) + 1 � 0 and infg(�)2F (x)L1 D

A
T (x)(g) + 1 � 0:

Theorem. Suppose (H0), (H1) and (H). Then T (�) is the unique contingent continuous solution
of the equation (10) that veri�es the boundary conditions T [0] = 0; T [x] =1; 8x 2 @Rnf0g.

iii) We established a propagation rezultat for the continuity of the minimal time function in con-
nection with Bellman optimality principle.

For any x 2 X; denote by S (x) the solution set for the di¤erential inclusion (9) with y (0) = x:
An importantrole in geting the results on the propagation of the continuity properties of the minimal

time function from around the target to the whole reachable set is played by the Lipschitz dependence
of the solutions on the initial states, provided by the Lipschitz hypothesis on F: In fact, the Lipschitz
continuity of the multifunction S (�) is an important tool in getting the regularity results for the value
function in optimal control problems. Within this project, we proved that the continuity around the
target implies the local uniform continuity of the minimal time function on the whole reachable set,
supposing weaker hypotheses on F:

The basic property of the minimal time function is Bellman optimality principle: for any x 2 R
and any solution y (�) of (9) that starts from x;

T (x) � t+ T (y (t)) ; 8t 2 [0; � (x; y (�)) ;

with equality in the case when y (�) is optimal. This property plays an important role in geting the
following result on the propagation of the continuity property for T (�). In [1] it was proved a similar
rezult supposing (H0), (H), and the fact that F is Lipschitz. Within this research we proved that this
propagation result holds under weaker hypotheses on F .

Theorem. Let X be a Banach space, A : D (A) � X ! X generator of a C0-semigroup compact,
fS (t) : X ! X; t � 0g ; with kS (t)k � e!t, for any t � 0; and F : X  X a multifunction with
nonempty, weakly compact, convex values, with 0 2 F (0) : Suppose that there exists G : [0;1)! [0;1),
a continuous function such that (2) holds for any x1; x2 2 X and the function H : [0;1) ! [0;1),
H (x) = G(x) + !x, is a Perron function. Moreover, suppose (H0) and (H). Then R is an open set and
T (�) is locally uniformly continuous on R:

The regularity of S is the main tool in getting the above result.
iv) Finally, in a Banach space X with uniformly convex dual, we studied the minimal time func-

tion associated to x0(t) 2 Ax(t) + F (x(t)), where A is an m-dissipative operator and F is an upper
hemicontinuous and one-sided Perron multifunction, with nonempty, convex and weakly compact values.
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Without imposing that th operator generates a compact semigroup, we showed that (H) implies the
upper semicontinuity of the minimal time function on the whole domain.

Theorem. Suppose (H). Then R is open in D(A) and T is upper semicontinuous on R.
3.2. The evolution of the reachable set.
In a Banach space X with uniformly convex dual, we studied the evolution (when t! +1) of the

reachable set associated to x0(t) 2 Ax(t) + F (x(t)), where A is an m-dissipative operator that generates
an echicontinuous semigroup and F is an upper hemicontinuous multifunction, one-sided Lipschitz of
negative constant, with nonempty, convexe and weakly compact values.

Let x0 2 D(A) and t � 0. By the reachable set we mean:
Reachx0(t) = fv 2 X : 9 o soluţie y(�) a problemei considerate cu data ini̧tial¼a x0 a. î. y(t) = vg:

The obtained result extends the results of Donchev, Farkhi, Reich (2003, 2007), without assuming
that A generates a compact semigroup.

Theorem. The set Reachx0(t) has limit when t ! +1 for any x0 2 D(A), that is the unique
strong atractor for the considered problem.
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